Abstract: Applications of subwavelength-diameter optical fibres in nonlinear optics require precise knowledge of the submicrometre fibre waist diameter. We demonstrate a new technique for optical measurement of the diameter based on second-and third-harmonic generation with an accuracy of better than 2%. To generate the harmonic light, inter-modal phase matching must be achieved. We find that the phase-matching condition allows us to unambiguously deduce the fibre diameter from the wavelength of the harmonic light. High-resolution scanning electron microscope imaging is used to verify the results. 
Introduction
Optical waveguides with submicrometre diameters have attracted much interest in past years [1, 2] . This interest was stimulated by the achievement of low losses in optical fibres with diameters down to few hundreds of nanometres [3] . Subsequently, subwavelength-diameter optical fibres (SDOF) have been investigated intensively and a wide range of applications have emerged, e.g. supercontinuum generation [4] , evanescent wave spectroscopy of atoms [5] and molecules [6] , and nonlinear light-matter interaction in quantum optics [7] .
SDOFs can be produced from standard, commercially available optical fibres by the flame-brushing technique [8] [9] [10] [11] . The fibre is heated to the viscous condition and, simultaneously, pulled at both ends. Precise computer-controlled pulling technology yields low-loss tapers and a uniform waist. Contrary to a conventional optical fibre, where the light is weakly guided by the core-cladding interface, strong light guidance by the cladding-air interface occurs in the SDOF [12] . This results in tight confinement of propagating mode and thus in high intensity-not only inside the fibre, but also in its evanescent field-and can be compared to a tightly focused beam with an interaction length of up to several centimetres.
Nonlinear processes have been studied in standard optical fibres [13, 14] , including selfphase modulation (SPM), cross-phase modulation (XPM), stimulated Raman scattering, stimulated Brillouin scattering, and optical solitons. Despite the centrosymmetric properties of silica, second-harmonic generation (SHG) has been observed in optical fibres [15, 16] and its origin has been studied [17, 18] , too.
In comparison to standard optical fibres, the increased intensity in SDOF promises even stronger nonlinear effects. First experiments on spectral broadening by enhanced SPM in SDOF using femtosecond laser pulses had been performed in [19] , and were later continued with supercontinuum generation in SDOF [4, 20] . Furthermore, third-harmonic generation (THG) in SDOF was theoretically predicted and experimentally observed [21] [22] [23] . In [23] , second-harmonic light was also obtained, although its origin remains unclear.
Due to very strong modal dispersion, knowing the waist diameter precisely is critical for quantitatively understanding and controlling light propagation and nonlinear effects in SDOF. Several methods to measure the fibre diameter were proposed. One method is based on illuminating the fibre from the side and then analysing the scattered light. An accuracy of 50 nm for a fibre with a diameter of around 1.32 µm was reported [24] . Scanning electron microscopes (SEM) offer an accuracy of 3% [25] , but their use is time consuming and nondestructive measurements are challenging. A method for measuring the uniformity of SDOF with a precision of 2-3% was also proposed [26, 27] . However, it gives no information about the absolute diameter, so additional measurements are still required. In this manuscript, we demonstrate a non-destructive method based on SHG and THG to measure the submicrometre fibre diameter with an accuracy better than 2%.
Theory

Light propagation in SDOF
An SDOF can be regarded as a cylindrical glass rod surrounded by air. The light is strongly guided by the cladding-air interface due to the large refractive index step at the SDOF surface. The vector electric field of the propagating mode is given by E(r,φ,z,t) = E(r,φ) exp(iβz) × exp(-iωt), where β = ω/v ph = ω n eff /c. Here, n eff is the effective refractive index, r, φ and z the cylindrical coordinates, E(r,φ) the transverse electric field distribution, t the time, ω the angular frequency of light, v ph the phase velocity, and c the speed of light in vacuum. The full description of light propagation in cylindrical structures can be found in [28] . To determine the effective refractive index of a cylindrical waveguide, we numerically solve the eigenvalue equation for the step-profile fibre [12, 28] taking into account material dispersion and the strong guidance in the subwavelength-diameter fibre. The solutions are the hybrid modes (HE and EH) and transverse modes (TE and TM), for which the effective refractive index n eff is shown in Fig. 1 . With decreasing SDOF diameter, a greater percentage of light propagates in the evanescent field in air, and the effective refractive index becomes lower.
Modal phase matching for harmonic generation
For efficient harmonic generation, phase matching between the fundamental and harmonic light has to be achieved, which means that the phase velocities v ph = c/n eff of fundamental and harmonic waves have to be equal. This results in the phase matching condition n eff,fundamental = n eff,harmonic . Figure 2a shows the effective refractive index for the fundamental and the secondharmonic light. To avoid confusion due to similar values of fibre diameters and wavelengths, we denote the fibre diameter in micrometres and the wavelength in nanometres throughout the paper. The three intersections at different fibre diameters are the phase matching points. If the wavelength is changed, the n eff curves shift, and thus phase matching occurs at a different fibre diameter, see Fig. 2b . This means that for each mode there is a one to one relation between the fibre diameter and the phase-matching wavelength (Fig. 2c) .
The phase-matching curves for THG can be obtained in a similar way. 
Influence of the varying fibre diameter on the harmonic spectral response
In Fig. 3a we have sketched the diameter profile of an ideal SDOF with a finite in length cylindrical section with constant diameter and taper sections with increasing diameters at each end. The frequency of occurrence of the diameters is illustrated in the histogram in Fig. 3b . (C) 2010 OSAregion with increasing thickness. For each fibre diameter the phase matching occurs at a certain wavelength. The large variation of the diameter in the tapers will therefore produce a weak broadband harmonic generation response, while the relatively uniform and long waist will cause a narrow peak.
To connect the diameter occurrence in Fig. 4c with the expected harmonic spectral response, i.e. the conversion efficiency vs. the wavelength, one has to know the coherence length l coh (the length over which the phase matching is maintained). For a perfectly uniform waist shape (l coh  l waist ), the conversion efficiency depends quadratically on the waist length, η ~ l waist 2 , due to coherent addition of the field amplitudes [29] . In the realistic case of a nonuniform waist (l coh  l waist ) the dependence will be approximately linear, η ~ l waist , due to intensity build-up [30] . 
Implementation of the method and experimental results
Samples
The SDOF samples were pulled from the Fibercore SM800-5.6-125 fibre which has a germanium-doped core (d core = 4 µm) and a pure silica cladding (d cladding = 125 µm). After pulling, a sample consists of an unprocessed fibre section, a down-taper, a subwavelengthdiameter waist, an up-taper (which is symmetric to the down-taper), and a second unprocessed section. Each taper consists of three sequential conical sections with slopes of 3 mrad, 2 mrad, and 3 mrad, respectively, and typically has a total length of 3.5 cm. We use the 2 mrad shallow slope section to achieve an adiabatic transition from the core-guided into the cladding-guided mode [31, 32] . The fibre waist has a length of 4 mm. The results in this paper are obtained from samples with diameters ranging from 0.32 to 0.51 µm. The samples are labeled with capital letters A-G.
Setup
Our experimental setup is shown in Fig. 5 . To measure SHG and THG at different wavelengths we use a tunable Spectra-Physics Tsunami Ti:Sa laser (840…1020 nm), which can operate in both continuous-wave (CW) and pulsed (1 ps pulse duration, 80 MHz repetition rate) mode. The input fibre end is fixed to a positioning stage and the beam is coupled in using a microscope objective. The typical average power in the sample is 120 mW (1.5 nJ pulse energy). The beam emitted from the fibre is collected by a lens. A dichroic mirror reflects infrared (IR) and transmits the second harmonic. The IR power is monitored by a thermal power meter. The light passing the dichroic mirror (~100 nW) is filtered from residual IR light and the second-harmonic signal is measured by a spectrometer (Avantes AvaSpec 3648-UA-25-AF). Despite higher efficiency of THG in comparison with SHG in silica, we do not observe a significant amount of THG light at the end of the fibre due to the high UVabsorption in the Ge-doped core of our samples. Therefore we measure the third-harmonic signal by positioning an ultraviolet-pass filter and the spectrometer directly above the fibre waist. (Similar to [23] , by splicing a pure silica 50 µm core fibre to our fibre sample at the uptaper, we were also able to collect the third-harmonic ultraviolet (UV) light at the end of the fibre.) 
Measurement procedure
The pulsed laser and the strong light confinement provide high peak intensity in the waist. This high peak intensity leads to SPM-dominated nonlinear broadening of the IR light. The 1 ps pulse with an initial spectral width of ~1 nm is broadened by 20…30 nm. The IR transmission of the tapered part of the fibre exceeds 95%. For each broadened spectrum, the resulting second-harmonic light is measured using the spectrometer, see Fig. 6a . To determine the second-harmonic spectral response of the fibre, we scan the whole tuning range of our laser in between 10 and 20 steps and build the envelope of all individual spectra, see Fig. 6b . The same procedure is repeated for THG. 
Analysis
As explained in section 2, the wavelength of the generated second-harmonic light is directly connected to the fibre diameter via the phase-matching condition. Thus, the second-harmonic spectral response shown in Fig. 6b can be analysed with respect to the fibre diameter.
We attribute the second-harmonic tail at long wavelengths to phase matching occurring within the taper. The main peak, originating from the fibre waist, is at λ SHG = 470 nm (λ fundamental = 940 nm) and corresponds to phase matching of HE 11 (ω) to TM 01 (2ω) at a fibre diameter of d = 0.408 µm. The leftmost minor peak corresponds to a short segment (cf. position 3.5 to 4 mm in Fig. 4) being thinner than the rest of the waist. Since there are no regions of smaller diameter in the fibre, there is no possibility of phase matching at shorter wavelengths. This explains the distinct cut-off on the left side of the spectrum. The high peak intensity of the picosecond laser pulse could influence the phase-matching condition due to SPM or XPM effects [23] . Thus, we have cross-checked the secondharmonic spectral response of the fibre with a CW measurement using the same average power. Since the intensity of the CW light is much lower than the peak intensity of the pulsed light, the SHG in CW mode is much weaker than in the pulsed mode. Therefore we detect the second-harmonic signal with a photomultiplier tube (PMT). To obtain the spectral response, the laser wavelength is tuned in steps of about 0.4 nm and measured with an optical spectrum analyser (OSA, Ando AQ-6315A). Figure 7 shows the results for the CW and the pulsed measurements. One can see that the shapes in both spectra coincide well, which means that for our intensities nonlinear effects like SPM or XPM seem to have no measurable influence on the phase-matching condition. The double peak structure of the spectrum at 485.5 nm (d = 0.4766 µm) and 488.0 nm (d = 0.4792 µm) could be explained by this particular sample having two dominating waist diameters. The conversion efficiency of SHG with 120 mW of CW light is typically on the order of 10 8 . Figure 8 illustrates how to derive the waist diameter from the peak position of SHG and THG. The full second-and third-harmonic response of sample C is shown in Fig. 8a and the phase-matching condition for SHG and THG is shown in Fig. 8b . The fibre waist diameter is determined from the wavelengths of the four peaks listed in Table 1 . The average fibre waist diameter is 0.4257 µm. The diameter errors in Table 1 are obtained from the spectrometer resolution of ± 0.7 nm and the calibration error of ± 0.3 nm using the phase-matching functions shown in Fig. 8b . Since these individual diameter errors are smaller than the variation of the diameter value, we assume some unknown underlying systematic error. We therefore estimate the diameter error as half of the maximum difference between the diameter values. From Table 1 we receive for sample C the error of ± 2.0 × 10 3 µm. This value is the largest among all samples A-F. We take a conservative approach and use this value for all our samples.
We have not observed the two modes TE 01 (2ω) and EH 11 (3ω) in any of our samples falling in the range between 0.32 and 0.4 µm. This could be due to the poor overlap of the fundamental HE 11 (ω) to the TE 01 (2ω) and EH 11 (3ω), due to poor guidance of the TE 01 (2ω) and EH 11 (3ω) in the fibre waist, or due to coupling losses of these modes in the up-taper.
Note that we observe the mode HE 31 (3ω), even though it was predicted that there should be no efficient energy transfer from HE 11 (ω) to HE 31 (3ω) [22] .
Verification
To verify our method, we check the samples using a Zeiss SUPRA 55 field emission scanning electron microscope (SEM). Before inserting the samples into the SEM, they are attached to a gold-coated silicon wafer and additionally coated by sputtering a 2 nm thick layer of gold using a Bal-Tec MED 020 machine. The coating minimizes distortion of the electric field in the SEM due to electrostatic charging of the non-conductive silica. We use electron acceleration voltages of 15 and 20 kV and calibrate the obtained SEM images with a calibration target (Plano S1995A). To find the edge of the fibre, we use the highest contrast model [33] . More precise models [34] can be used, but they require the exact knowledge of the electron-sample interaction, which depends on the material, geometry and dimensions of the samples.
While the application of SEM is straightforward for relative diameter measurements (imaging the fibre), it is challenging to perform absolute measurements of the submicrometre diameter with an accuracy below 2%. For a fibre of 0.4 µm diameter, this corresponds to an error of <8 × 10 3 µm. As shown in section 3.4, the resolution of our optical method is limited only by the resolution and accuracy of the wavelength measurement and is 0.5 × 10 3 µm when using the OSA instead of the spectrometer. The comparison of the fibre diameter obtained by harmonic generation and SEM measurements is shown in Table 2 and Fig. 9 . The procedure to derive the diameter value and the error for our optical method was described in section 3.4. To get the diameter value of the SEM measurement, we identify the highest peak of the diameter histogram (as shown in Fig. 4c for sample A) .
Further on, we calculate the error of the SEM measurement. Each SEM image shows a 1 µm long section of the fibre (see Fig. 10a ). The fibre diameter is determined by measuring the distance between the fibre edges on the image. Various contributions to the total diameter error are listed in Table 3 . The overall sample diameter error of ± 7 × 10 3 µm is denoted by the horizontal error bars in Fig. 9 . The variation of these various errors along the waist is negligible, therefore we use the same error bar for all measurement positions along the waist. It is worthwhile to mention that the double peak seen on the spectral curve in Fig. 6b corresponds to the two main diameters seen in the SEM data ( Fig. 4b) : slightly thinner waist from 0.5 to 2 mm and a thicker part between 2 and 3 mm. The number of SEM images taken is not large enough to allow us to resolve the two peaks in the histogram (Fig. 4c ).
Fibre damage
During our measurements, we have observed in some samples (not included in Fig. 9 ) a change in harmonic generation properties over time. After exposing the fibres to pulsed light for a longer time (hours), the SHG and THG spectra shifted several nanometres towards longer wavelengths. The SEM investigation of these samples showed that some of them suffered physical modification of the surface: a series of -bumps‖ are clearly visible on the tapered fibre, see Fig. 10 . While the origin of these bumps is not clear, the result obtained with one particular sample allows us to suggest a cause. This sample G has a ~0.32 µm diameter waist (measured with SEM), which is too thin to produce harmonic generation with the wavelength range of our laser (840…1020 nm). However, this wavelength range provides for phase matching to the second and third harmonic in the diameter range of 0.36…0.5 µm (see Fig. 8b ). The taper of sample G covers this whole range. In our setup, we have observed a low second-and thirdharmonic signal at all wavelengths of our laser. The SEM images reveal the bumps on the taper just in the diameter range where the harmonics could be generated (Fig. 10b and c) . At the same time, no bumps are seen on the thicker section of the taper (Fig. 10a ) and on the waist (Fig. 10d) , for which phase matching is not achievable. We can thus conclude that the appearance of bumps is related to the generation of harmonic light. In our case, the third harmonic falls into the UV range, which can indeed damage optical fibres [35] . The fibre used in this experiment (Fibercore SM800) is not specified for UV operation.
Therefore, strong harmonic generation can induce irreversible changes in the fibre, including a change of the phase-matching wavelength, which could be problematic for an accurate measurement of the fibre diameter. This can be avoided by using CW light to measure the harmonic spectral response. No peak shift has been observed in our samples while using CW for even longer times.
Conclusion
We have presented a method to optically measure the diameter of an SDOF with a resolution of 0.5 × 10 3 µm (limited by the spectrometer or-as in our measurement with CW light-the laser linewidth) and an accuracy of <2% (limited by the SEM used for verification). To achieve harmonic generation at the phase-matching wavelength, a tunable laser can be used in both pulsed and CW modes. The accessible fibre diameter range is determined by the laser tuning range. Taking into account the transparency window of silica as the limit for light propagation in fibres, one can theoretically measure fibres with diameters down to 0.19 µm with a fundamental wavelength of 500 nm, and fibres with diameters up to 1 µm using fundamental wavelengths up to 2000 nm. Another option to extend the range of accessible diameters is to achieve harmonic generation to another set of higher modes, for which phase matching occurs at different fibre diameters. The straightforward experimental setup and fast measurement procedure makes this technique easily applicable.
